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In an Abelian projection 5(7(2) gluodynamics contains Abelian gauge fields (diagonal degrees of freedom) and 
the Abelian matter fields (off-diagonal degrees). The matter fields are essential for the breaking of the adjoint 
string. We obtain numerically the effective action of Abelian fields in quenched 5(7(2) QCD and show that the 
Abelian matter fields provide an essential contribution to the total action even in the infrared region. 



The dual superconductor hypothesis [l] was in- 
vented to describe the confinement of color in 
QCD. The model was shown to be quite suc- 
cessful in explanation of the confinement of the 
fundamental charges such as quarks (see, e.g., re- 
views 2 1). For example, Abelian and monopole 
contributions to the inter-quark potential are 
dominant in the long-range region of quenched 
QCD j.'il 1 j . The monopole condensation in the 
confinement phase was also observed 0. 

Although the 't Hooft scenario describes the 
confinement of the quarks correctly, this sce- 
nario predicts also the existence of the string 
tension for the adjoint charges (gluons) in the 
infrared region. On the other hand the gluon 
charges must be screened at large distances due 
to the presence of the gluons in the QCD vac- 
uum. This screening-confinement problem was 
discussed within dual superconductor and cen- 
ter vortex formalisms [Jj- 

The standard model of the dual superconduc- 
tor in the quenched QCD ignores the existence 
of the off-diagonal gluons. However, these gluons 
have a charge two with respect to the Abelian 
subgroup and they may explain the flattening of 
the inter-gluon potential which is usually studied 
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with the help of the adjoint Wilson loop. On the 
other hand the introduction of the new degrees of 
freedom - the off-diagonal gluons - should not vi- 
olate already achieved success of the explanation 
of the quark confinement in this model. Indeed, 
quarks have the charge one and doubly charged 
gluons can not screen them. 

To reproduce the screening of charge two we 
must keep all doubly charged Abelian Wilson 
loops in the effective action of the Abelian link 
fields. The theory in terms of the Abelian link 
fields or the Abelian monopole currents alone be- 
comes highly non-local if we integrate out all off- 
diagonal gluon fields after an Abelian projection. 

Needless to say, such an Abelian effective action 
is useless. The same problem is more serious in 
the real full QCD, since the fundamental charge 
is also screened in this case. 

We calculate numerically the effective action 
of quenched QCD within the Abelian projection 
formalism. Contrary to previous calculations of 
this kind we include also the doubly charged off- 
diagonal gluon fields into the effective action and 
we show that their contribution is essential in the 
infrared region and thus can not be neglected. 

The Wilson action of the quenched 5(7(2) QCD 
is 5 = 0/2 £ w Tr U MV (a), where is the 
standard SU(2) plaquette. We parameterize the 
5(7(2) link as U^s) — c fJ _(s)u fJ _(s) 1 where u M (s) = 
diag(e 4 ^( s ),e~^( s )) and 

/ cos^( S ) isin^( S )e-^W\ 
M ' ^sm^(s)e^W cos^(s) J' 
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The independent variables, 9, ip, <fi, are restricted: 

-7T < 6^(s), (^(s) < 7T, < <^(s) < Tf/2. 

Under the Abelian gauge transformation, 
f2 Abel (a;) = diag(e lQ ( s \e- M ( s )), the field (9 be- 
haves as the U(l) gauge field, 9^(s) — > M (s) + 
ct(s) — a(s + /*), while the field if. corresponds to 
a phase of the off-diagonal gluon field, <fn(s) — > 
Vm( s ) + 2a(s). The variable ^(s) is not affected 
by the C/(l) gauge transformation. 

If an Abelian gauge is fixed we can integrate 
the 4>n(s) variable out without harming the U(l) 
content of the model. In order to get possible 
forms of interactions between the Abelian gauge 
and Abelian matter fields let us replace the av- 
erages of cos^^s) and sin(/) /i (s) by their mean 
values in the Maximal Abelian gauge |8I9| : 

cos^(s) -> (cos^(s)) EE C ~ 1 , ,^ 
sin^(s) — > (sin^(s)) = s < c, 

Then we get an action of the SU(2) model as 

&^(s) = 9^{s) + 9 v (s + p) - 9 M (8 + P)- 9 u (s), 
H^(s) = 26 ll {s) + <f v {s) - ip v {s + A) , 
C^(s) = ipp(s) - ip v {s) , 

where O is the U(l) plaquette for the gauge 
field, H describes the interaction of the mat- 
ter and gauge fields, and C corresponds to the 
self-interaction of the matter field. Similarly to 
Ref. Hj we get: 

~Tr£V(s) = c 4 cos(e^(s)) 

+c 2 s 2 cos(6 M „ (s) + C llv {s)) 

+ [-c 2 s 2 cos(6^(s) - Hp,(s) - C^{s)) 

+c 2 s 2 cos(Q^ v (s) - Hfj, v (s)) + (p^ v)] 

+c 2 s 2 cos(e^(s) - H^(s) + H vli {a) - C^{s)) 

+ S 4 cos(e Ml/ ( S ) - H^(s) + H vil {a) - 2CV(s)). 

Hence we chose, for our numerical study, a trial 
action 

S cff (0,^)=V 3 OiSM+hS^v), (2) 

Z '1=1 

where aj, i — 1, 2, 3 and f3\ are the couplings and 
S k = ~Yl l coskQ^(s), k = l,2, 
5 3 =+V" y sin9„ y (s)sm6 MI/ (s + /t) , (3) 
5 4 = - r<3os(8 MI/ (s) - H^ u (s)) + (ii++v) . 



The action Si is the leading term in the Abelian 
action in the mean-field approximation l[T]l. The 
terms may arise from the integration over <f> 
fields. The action S4 describes interaction of the 
gauge, 9, and the matter, tp, fields. 

We have used the standard Monte-Carlo pro- 
cedure to generate the gauge field configurations 
on the 32 4 lattice at (3 = 2.1 ~ 2.7. We have 
generated 100 configurations of the gauge field 
for each value of the coupling constant and then 
used the Simulated Annealing method 4] to fix 
the Maximal Abelian gauge. The couplings a*, 
i = 1, 2, 3 and (3\ were determined by solving the 
Schwinger-Dyson equations |l()j . We further im- 
prove our results towards the continuum limit us- 
ing a blockspin transformation for the SU (2) link 
variable visualized in Figure ^ 

Figure 1. The blockspin transformation. The 
normalization factor, N ee N(U), is introduced to 
make the fat link belonging to the SU(2) group. 
The weight parameter 7 is set to 1/2. 

In Figure |2 we show the couplings of the ac- 
tion P)l vs. the scale b = na where n corresponds 
to the blockspin factor and a is the lattice spac- 
ing. The scale b is shown in units of the string 
tension. The coupling ol\ shows a perfect scaling 
for all n while the other couplings scale for n > 1 
only. Thus at small values of b the effective action 
is more complicated than J2Jl. A similar effect is 
found for the monopole action |llj . 

We have fitted the data for couplings by 

f(b) = C + C lC xp{-(b/boT}, (4) 

where Co,i, v and 60 are the fitting parameters. 
In our fits the data with n = 1 is excluded for 
all coupling constants except for a±. The best fit 
curves are plotted in Figures [21 and the best fit 
parameters are shown in Tabled 

In the case of a\ and f3\ the parameter v is 
very close to two, therefore we fixed this param- 
eter, v — 2. Similarly, we have set v = 1 for ai 
and Co = for 0:2,3 • Note that the fit can not 
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C 


c t 


b , [fm] 


V 




0.066(10) 


1.20(2) 


0.61(1) 


2 


Oil 





0.32(2) 


0.231(7) 


1 


a 3 





-0.28(3) 


0.46(3) 


1.8(2) 


Pi 


0.064(5) 


0.30(1) 


0.69(2) 


2 



Table 1 



describe accurately the couplings a\ and a 3 at 
small scales, b ^ 0.2 fm, where the Abelian ac- 
tion is expected to be more complicated than (J2J) . 




Figure 2. The parameters c*i and pi vs. b. The 
fits by Eq. are shown by the dashed lines. 

The functional Si makes the leading contribution 
to the action since the coupling a± is the largest 
one. The actions S2 and S3 play an essential role 
only at small distances. The action S4, which 
describes the interaction of the matter fields with 
the gauge fields is non-vanishing at large scales 
similarly to Si- Moreover, the couplings a,\ and 
Pi have larger lengths bo compared to cti and 013. 

Thus, at large scales, by/a ^> 1, the effective 
Abelian action for the SU(2) gauge theory can 
be approximated as a sum of the QED-like ac- 



tion for the gauge field, Si(9), and the inter- 
action term S4 (#,<£>). This is the manifestation 
of the Abelian dominance (non-vanishing dom- 
inant coupling 011) and the importance of the 
off-diagonal (matter) degrees of freedom (non- 
vanishing coupling Pi). The matter fields are es- 
sential for the breaking of the adjoint string. 
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